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Abstract
Information granules are formed to reduce the
complexity of the description of real-world systems.
The improved generality of information granules is
attained through sacrificing some of the numerical
precision of point-data. In this study we consider a
hyperbox-based clustering and classification of
granular data and discuss detailed criteria for the
assessment of the quality of the combined
classification and clustering. The robustness of the
criteria is assessed on both synthetic data and real-life
data from the domain of traffic control.
1. Introduction
Development of understanding of complex systems is a
process of creating mental abstractions that makes it
possible to ignore irrelevant detail and concentrate on
essential features of systems. There are two main
approaches to data clustering – agglomerative and
partitive; corresponding to bottom-up and top-down
strategies.
Commonly, the agglomerative approach involves the
construction of a dendrogram of the data set, which
visualizes the proximity of individual data points in the
feature space [4], [5], [15]. However, the dendrogram
does not provide a unique clustering. Various
partitionings (with the same number of clusters) can be
obtained by cutting the dendrogram at different levels
in individual branches.
An alternative agglomerative approach is that of
granular clustering [2], [18], [20]. In its simplest,
granular clustering starts from collection of numeric
data (points in Rn) and ‘grow’ information granules
according to some global proximity criterion. As the
granulation progresses the distribution and size of the
information granules begins to reflect the essence of
the data. Forming the clusters enhances the descriptive
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facet of the granules while gradually reducing the
amount of detail. The number of clusters, present in the
data, is found by monitoring the compatibility measure
during the granulation process [2][14]. Clearly, the
decision about how far the granulation process should
proceed depends on the topology of the clusters and
the shape of individual granules. The information
granules used in this study are hyperboxes positioned
in a multi-dimensional data space. The mathematical
formalism of the interval analysis provides a robust
framework for the analysis of information density of the
granular structures that emerge in the process of
clustering [13]. The study reflects the intuitive
objective of matching the granularity of data items
used to describe the physical systems to the structure
of these systems. In this sense the granulation process
is attempting to achieve the highest possible
generalization while maintaining the specificity of data
structures.
Partitive clustering divides data set into a number of
clusters, typically trying to minimize some criterion or
error function. The number of clusters is usually
predefined, but if the number of clusters is unknown,
the partitive algorithm can be repeated for a varying
number of clusters and the appropriate cluster cost can
be incorporated into the optimality criterion. An
example of a commonly used partitive algorithm is CMeans algorithm [3], [6], [7], [8] which minimizes the
sum of distances between individual data points and
their corresponding cluster centers. However, the CMeans algorithm has a significant shortcoming in that
the distance measure used in the cost function implies
a particular shape of clusters. For example if the
distance measure is Euclidean then the clusters found
by the algorithm are spherical. Although this may not
be a problem in some cases, there are many practical

situations where such a constraint on the topology of
clusters is too restrictive.
Another popular partitive clustering algorithm is that of
self-organizing feature maps (SOM) [9], [11]. The SOM
consists of a regular grid of map units, typically
defined in R2 space for ease of visualization. The
process of training the SOM is the iterative refinement
of nonlinear mapping from the input space (multidimensional) to the feature map space (of lower
dimension). This can be interpreted as stretching an
elastic net (grid of map units) over the ‘cloud’ of input
data. Data points lying near each other in the input
space are mapped onto nearby map units. Thus, the
SOM has an inherent capability to reflect the original
topology of the input data (and consequently the
complex topology of clusters) in the appropriate
activation of the grid map elements.
In this study we investigate a hierarchical two-level
clustering in which agglomerative granular clustering
reduces the cardinality of the input data set and the
partitive SOM clustering provides topology-preserving
mapping from multi-dimensional input space to R2. The
idea is illustrated in Figure 1.

2. Granular clustering
In order to formalize the level-1 abstraction (granular
clustering) of the input data we define its two essential
elements: the mathematical description of information
granules and the definition of the granule compatibility
measure. The information granules are expressed as
hyperboxes A(la , ua ) and B(lb, ub) ⊂ Rn, with the
parameters la , ua lb, ub ∈ Rn providing explicitly the
location of the minimum and maximum vertices of the
hyperboxes. The distance d(A,B) between A and B is
defined on a basis of the distance between its extreme
vertices, that is
d(A, B) = (||lb-la ||+ ||ub-ua ||)/2
(1)
During granulation A(la , ua ) and B(lb, ub) are combined
into a new information granule C(lc , uc ), where
lc =min(la , lb) and uc =max(ua , ub). The granularity of C is
captured by a volume, V (C)
V (C ) =

n

∏ length (C )
i

i =1

(2)
where

Abstraction 1

Abstraction 2

lengthi (C ) = max( u b ( i), u a ( i)) − min( lb ( i), la ( i))
(3)
The expression of compatibility, compat(A, B) involves
two components that is a distance between A and B,
d(A,B), and a size of a newly formed information
granule C that comes when merging A and B.

point data
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Figure 1. Two-level topology-preserving hierarchical
clustering approach
The most important benefit of this procedure is its
enhanced ability to cope with data noise and the
improvement of the computational performance
through the reduction of problem size. Naturally the
approach is valid only if the clusters found using the
granular data are similar to those of the original data. In
the experiments, a comparison between the results of
direct clustering of data and clustering of information
granules has been made and the correspondence has
been found to be satisfactory.

compat(A, B) = 1 - d(A,B)e -αV(C)
(4)
The rationale for the above compatibility measure is to
promote formation of ‘compact’ granules, i.e. such that
have approximately equal size in all dimensions. This is
fully discussed in [2]. To retain the values of the
compatibility measure to the unit interval, all data is
normalized to the unit hypercube [0,1]n ⊂ Rn The
parameter α balances the two concerns in the
compatibility measure and is chosen so as to control an
extent to which the volume impacts the compatibility
measure.
The compactness factor (e -αV(C) ) introduced in the
compatibility measure is critical to the granular
clustering. By contrast, it is not essential and would
not play any role if we proceeded in a standard way

and did not attempt to develop granules but retained a
cluster of numeric data.
As the granulation proceeds the process of merging
the progressively less closely associated patterns finds
its reflection in the gradual reduction of the
compatibility measure (4). A typical plot of the
evolution of the compatibility measure over the
complete clustering cycle is shown in Figure 2.
compatibility
1

0.95

0.9

0.85

0.8

0.75

Number of granules coincides
with the number of clusters

0.7

0.65

0.6
0

10

20

30

40

50

60

Decrease of the number of granules

(a)
compatibility
1

0.95

0.9

0.85

0.8

Figure 2(a) illustrates unsupervised clustering process.
The inflection point between the small gradient of the
compatibility measure curve, at the early stages of the
granulation, and the large gradient of the curve, at the
final stages of the granulation, indicates the number of
clusters in the original data. The success of such
clustering clearly depends on how well the clusters can
be represented by hyperboxes. The above limitation is
somewhat relaxed in the case of partially supervised
clustering (Figure 2(b)). The granulation process is
terminated here earlier so that individual clusters are
formed by a greater number of smaller information
granules, thus retaining the ability to reflect more
complex topologies of clusters. The collection of
granules that is greater then the number of data
clusters provides a starting point for level-2
abstraction, the identification of clusters. While the
partially supervised granular clustering finds its natural
termination when all granules become labeled with
cluster numbers, in the unsupervised case it is
necessary to set an arbitrary granulation threshold
(Figure 2(c)). Clearly, the early termination of the
granulation process enhances the ability to capture
complex topologies of clusters but it needs to be
balanced against the desirable reduction of
computational complexity of the subsequent clustering.
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3. SOM clustering
The level-2 abstraction, the SOM clustering of granular
data, is accomplished by training the map elements on
the data (granules) A ⊂ Rn chosen randomly from the
input data set. In order to be compatible with the
standard form of SOM algorithm [11], the granules are
represented as vectors x ∈ R2n formed by
concatenating coordinates of the min- and maxcoordinate vertices of the granule A, x=[la u a ].
Distances between x and all the prototype vectors are
computed. The best matching unit, which is denoted
here by b, is the element of the map that has its
prototype closest to x.
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Figure 2. An example of the evolution of the
compatibiliy measure in the case of unsupervised
clustering [2] (a), partially supervised clustering [1] (b)
and arbitrary data granulation (c).

||x-mb|| = mini{||x-mi||}
(5)
The prototype vectors of unit b and of its topological
neighbours are updated according to the rule
mi(t+1)=(1-βkbi(t)) mi(t) + βkbi(t)) x
where: t
β(t)
kbi(t)

(6)
time step
learning adaptation coefficient
neighborhood kernel centered on b

kbi(t)= exp (-||x-mb|| 2 / 2σ2(t))

epochs to see how the two SOMs compare (Figure 6(a)
and (b)).

(7)
4. Experiments
The synthetic data set consists of 45 data points in
[0,1]2 ⊂ R2, as illustrated in Figure3. The level-1
abstraction of this data has been achieved through
granular clustering which was terminated when 10
granules were condensed from the original data set
(Figure 4).
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Figure 3. Synthetic point data set
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Figure 4. Granular data abstracted from the point data.
Level-2 abstraction of the above granular data is
accomplished by training 3x3 SOM. A representative
set of results is illustrated in Figure 5(a). Even with a
small number of SOM training epochs (20), a crisp
identification of 3 major clusters has been obtained.
Clearly the exact shape of the map depends on the
order of presentation of granular data to the SOM, but
the result of clustering, as summarized by the matrix
representing association of input data with individual
map elements, proved to be remarkably stable. The
validity of the identified clusters has been confirmed
by training the same 3x3 SOM on the original data.
Also here we obtain a crisp identification of 3 major
clusters after performing as little as 20 training epochs
(Figure 5(b)). The fine-tuning of SOM, which is the
most time consuming phase, is here entirely avoided.
For the completeness of the evaluation however we
have trained the two networks for additional 1980

Figure 5. 3x3 SOM networks and the matrix of data/grid
associations after 20 epochs using granular data (a)
and original data (b)
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crossing on red lights). This noise is smoothed-out
quite effectively during the granulation process.
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Figure 6. 3x3 SOM networks and the matrix of data/grid
associations after 2000 epochs using granular data (a)
and original data (b)
While training SOM for 2000 epochs produces, as
expected, a more balanced allocation of data to map
elements, the results obtained with granular data
remain, also in this case, broadly equivalent to those
obtained with the original point-data.
The second example is concerned with a real-life data
representing a log of traffic queues on a 3-way
intersection. The intersection is controlled by an
adaptive UTC system that adjust split/cycle/offset of
traffic lights. While the detailed relationship between
individual vehicles and the signaling stage is quite
difficult to formalize, there are essentially two ‘macro
states’ of the traffic: (i) the flow of traffic between
junctions 1 and 2 (to the exclusion of junction 3; and
(ii) the flow of traffic between junctions 3-1 and 3-2 (to
the exclusion of the flow between junctions 1-2). The
detailed 3-dimensional data consists of 705 points.
The level-1 abstraction of data has been accomplished
by performing granulation to two pre-defined levels of
granule compatibility, 0.95 and 0.9. This resulted in 185
and 85 granules respectively (see Figure 7). The 7x7
SOM network has been used to ensure a good
separation of operational states. It is clear from Figure
8(a) and 8(b) that the granular data crisply defines the
two operational states of the road intersection.
However, when training SOM on original point-data
there is occasionally a third cluster appearing. This
represents a noise present in the data (vehicles
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Figure 7. Compatibility measure evaluated during
granulation of traffic queues data. Compatibility
measure 0.95 corresponds to 185 granules and 0.9
corresponds to 85 granules.
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0 0 0 0 0 5 35
(a)
185 granules
11 0 0 0 0 0 0
14 0 0 0 0 0 0
61 0 0 0 0 0 0
8 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 41 52
(b)
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Figure 8. Matrices representing associations of data to
7x7 SOM grid obtained for 85 granules (a), 185 granules
(b) and 705 original point-data (c).

Note the effect of noise in data that is evident when
training SOM on the original point-data.

[6]

5. Conclusions
The paper presented an effective 2-level approach to
identifying clusters in data. The level-1 abstraction is
obtained through granulation of original point-data and
level-2 abstraction involves SOM-based clustering.
The advantage of this approach is that the intermediate
granulation of information performs a useful filtering of
noise in the original data. This results in a crisper
clustering at the second stage.

[7]

Computational complexity of the granulation process is
identical to that of SOM training (O(n 2) – evaluation of
distances followed by O(n) – formation of granules)
but the noise filtering afforded through the granulation
process means that the SOM used in 2-level procedure
can be smaller than the one used with the original
point-data.
This
translates
onto
significant
computational savings since the computational
complexity of SOM training depends on the square of
the map size.
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