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Abstract. The meaning of nonzero set points for the identifiability of the AR-
MAX model parameters in a closed-loop system with a minimum-variance controller
is explained and discussed. It is pointed out that, in the case of a zero set point
and an ARMAX model resulting from the discretization of a continuous-time plant,
the model parameters cannot be identified in a closed-loop system with a minimum-
variance controller. It is also shown that in the case of appropriately varying set point
or the existence of a delay in the plant, the identifiability conditions of the parameters

can be fulfilled.
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1. INTRODUCTION

The identification of varying model parameters is
the essential point of adaptive control systems,
and especially of self-tuning controllers. The self-
tuning controller is based on the so-called ”sep-
aration principle”,; i.e. on the idea of separating
the design of the controller from the identification
of unknown parameters. The unknown parame-
ters are identified on-line in a closed-loop system
by using a recursive estimation method. Two dif-
ferent types of self-tuning controllers are known:
indirect (explicit) controllers and direct (implicit)
ones. In an indirect self-tuning scheme the pa-
rameters of the transfer function are explicitly es-
timated, and then the parameters of a controller
are calculated indirectly on the basis of the esti-
mated parameters.

There are large numbers of possible types of con-
trollers and recursive estimation algorithms which
can be used as a basis for self- tuners. They
should be designed to work in a wide spectrum
of conditions defined by the behaviour of distur-
bances, set-point values and system parameters.
Although the theory of self-tuning control is quite
well established (Astrém and Wittenmark, 1989;
Isermann et al., 1992; Kosut et al., 1987), the

theoretical results concerning e.g. stability, opti-
mality, order estimation, time-varying parameters
and the consistency of plant parameter estimates
are only valid under special conditions and for se-
lected groups of self-tuners. Widespread assump-
tions are: constant parameters, standard recursive
estimation methods without data forgetting, and
zero set points. In practice, parameters do change,
the forgetting mode 1s used in estimation, and a
zero set point is rarely present.

A sufficiently rich excitation of the system plays
an essential role for estimation algorithms. This is
expressed by the so-called ”persistent excitation”
(PE) condition. In closed-loop systems the PE
condition can be violated even in the case of suf-
ficiently rich exciting noises, which can produce
problems with identifiability (Gustavsson et al.,
1977) and convergence.

The present paper concerns minimum-variance
self- tuning control. In particular, attention is
focused on situations in which the identifiability
condition can, or cannot, be fulfilled in a closed-
loop system with a minimum-variance controller.
It is noted that in the frequently occurring case in
which a discrete-time plant results from the dis-
cretization of a continuous-time plant described
by a rational proper transfer function with zero-



order hold, the identifiability condition cannot be
fulfilled in a closed-loop system with zero set point
and any exciting noise. It is also noted in the case
of appropriately varying set point or of the exis-
tence of some delay in the continuous-time plant,
as well as in the case of applying an incremen-
tal model, that the identifiability condition in the
closed-loop system can be fulfilled for sufficiently
rich exciting noise.

2. MINIMUM VARIANCE SELF-TUNING
CONTROL

System models used in self-tuning control are as-
sumed to be local linearizations of typically non-
linear systems. If U(7) denotes an input, and Y ()
an output signal, then

V(i) = y+ y(i) (1)

Ui) = 1+ u(i) 2)

consist of nonzero mean levels, u and y, and the
perturbations, u(¢) and y(¢), around them, where

y = p(u) (3)

is a steady-state characteristic of the (usually non-
linear) plant to be controlled.

It 1s very often assumed that the linear dynamic
model for perturbations is in the ARMAX form

A Ny(i) = Bz Hu(i —d) + C(z" (i) (4)

where
y(i) = ="ty + 1) (5)
v(1) ~ n.5.d(0, %) white noise (6)

and
A =14az7 + 4 apz™" (7)
Bz =bo+ bz A bz (8)
Cz =14z 4 Fepz™ (9)
Another kind of model (4) is

A(z"HAY(E) = B(z"HAu(i — d) + C (27 Hw(i)
(10)
written 1n increments
Au(i) =u(@) —u(i-1)=U@@-U@GE-1) (11)
Ay(t) =y(@) —y(i = 1) =Y () - Y —1). (12)

Model (10) allows the incorporation of unknown
constant terms of the input and output, and thus
goes very well with the model of (1)-(3).

For real-time identification, recursive parameter-
estimation methods have been developed for the

above linear processes with time-invariant param-
eters. In the case of self-tuning control, the plant
parameters vary in time and algorithms such as
the recursive extended least-squares (RELS) esti-
mation algorithm in the weighted version can be
applied. It is described by the formulas

O(i+1) = O()+k(i)y(i+ )¢ (i+1)O)] (13)
k(i) = u(i+ DP(i)p(i+1)  (14)
pi+1) = [+ ¢ i+ DP@eli+ D] (15)

P(i)g(i+ 1)g (i +1)P(i)
A+ i+ 1D)P(i)e(i + 1)
(16)

P@i+1) =271 |P()

where A < 1 1is a forgetting parameter and
0 = [a1, ..., Gn, b0, ooy by €1y ey )] (17)

ey —yli—n+ 1), u(i —d+1),
),e(d), ..., e(i —n+ 1)]

(18)
e(i) = y(i) — ¢ ()0 0). (19)

That is, in (18), in the place of v(i), its estimate
(%), determined by (19), is utilised.

Using the notations introduced above, the model
(4) can be described by the approximate formula

yi+ 1) =¢ (i+1)0+e(+1).  (20)

After performing transformations which can be
found in the standard textbooks on RLS estima-
tion, from (16)

Pl i+ 1) = AP (i) 4+ o(i+ ) (i4+1) (21)

and also ,
PTH(i) = e(i)g (i) (22)
\/7: ©'(0)
, TP
Q)= | e e . (23)

Attention 1s restricted here to the minimum-
variance controller which minimises the perfor-
mance index

I=FE{yGi+d)—w(i@)}? = E{e(i +d)}*  (24)

where w(i) and e(i+ d) are the set point at time ¢
and the ” control error at time ¢ + d”, respectively.
If the model (4) is minimum-phase, the minimum-
variance controller is given by
Bz~ F(z"Nu(i) = C(z~Nw(i) — G~ Hy(i)
(25)



where F/(z71) and G(z71) result from solving the
Diophantine equation

A(z_l)F(z_l)—l—z_dG(z_l) =C(z7Y.  (26)

If the model parameters of (4) are known, then in
a closed-loop system with the controller (25) the
control error becomes a moving average of order

d—1:
e(i) = F(z71)u(i). (27)

The indirect self-tuning controller of Astrém and
Wittenmark (1989) is described by the following
algorithm:

e estimate the coefficients of A(z71), B(x7!)
and C'(27!) using e.g. the weighted version
of the RELS algorithm;

e solve the Diophantine equation using fl(z_l),
B(z7!) and C(»7!) and determine the con-
troller equation (25);

e calculate the control signal from (25);

e repeat the above steps for each sampling pe-
riod.

In the place of RELS, an appropriate version of the
RPEM (recursive prediction error method) can be
used (Ljung and Soderstrom, 1977).

A minimum-variance controller for system (10)

has the form

B(z"HYF("HAu(i) = C(z"Hw(i) — G(z71)y(4)
(25)

and can be easily found by solving a modified Dio-

phantine equation

(1—2"HACHFE Y 474G =0
(20)
for F(z7!) and G(z71). As a result, a controller
with an integral action is obtained.

It should be stressed that the convergence of the
controller parameters does not necessarily mean
the consistency of the plant parameters for an in-
direct self-tuning controller. In fact, very often
the plant parameters in a closed-loop system can-
not be identified even if the exciting noise 1s suffi-
ciently rich. This problem will be discussed in the
next section.

3. SOME QUESTIONS OF IDENTIFIABILITY

3.1. The case of a continuous-time plant without
delay

Consider the case when the polynomials A(z71)

and B(z7!) and the delay d in the ARMAX

model (4) result from the discrete-time descrip-
tion of the system composed of a sampler, ZOH
and continuous-time plant (described by the ra-
tional proper transfer function G(s)) in series.
In other words the discrete-time dynamic model
(4) (without the part concerning the disturbance)
results from the discretization with ZOH of the
continuous-time plant G(s) without delay. This
case appears very frequently in applications.

It is known that for this kind of discrete-time sys-
tem see e.g. (Astrom and Wittenmark, 1989), in-
dependently of the value of the sampling interval,
there is

by =0 (30)

and

F(Z_l) =1
=)= go+ g1~ + oot g1z (31)

i.e. the polynomials B(z~') and G(»7!) have the
same degree.

It will be shown that, in this case, the varying set
point plays an essential role in the model param-
eter’s 1dentifiability.

In reality, if w(¢) = 0 then the controller equation
(25) determines some linear dependence between
the first 2n columns of matrix (23), determined
also by (18). This, taking into account (22), means
that matrix P~1(i) is singular, and the inverse
matrix P(¢) does not exist. Further, the matrix
calculated by means of formula (16) does not de-
termine P(7) (the formula (16) was derived under
the assumption that P~1(4) is non-singular). As a
result, the parameter estimates calculated by us-
ing the weighted RELS algorithm are incorrect.

Strictly speaking, the statements in the paragraph
above are valid under constant controller param-
eter values. It should also be noticed, however,
that in the periods in which the controller param-
eters vary as the result of new estimates, the ma-
trix P~1(i) can be non-singular. In these periods
the estimation algorithm can work. Nevertheless,
for constant plant parameters, when the controller
parameter estimates become constant, the matrix
P~1(i) becomes singular and the algorithm stops
working. As the result a drift of the plant pa-
rameter estimates is observed, and the system can
become unstable.

On the other hand, if the set point w(i) # 0
appears in formula (25) then this formula does
not determine a linear dependence between the
columns of matrix (23). At the first look, it seems
that then the identifiability condition can be ful-
filled. However, the simulations performed do not
confirm this view. To justify this observation, con-
sider equations (4) and (25) in the incremental
form i.e. substitute in them the variables Awu(%)



Ay(i) and (1 — 27 Ho(i) (Au(i) = u(i) — u(i — 1),
Ay(i) = y(i) — y( — 1)) in the place of u(), y(4)
and v(i), respectively. Then, from replacing the
variables u(¢) and y(¢) by Au(i) and Ay(¢) in the
RELS algorithm, it results that for w = const # 0
the estimation has similar properties as for w = 0.

3.2. The case of a continuous-time plant with
delay

If the continuous-time plant contains a delay, then
for an appropriately small sampling period d > 1.
It can be noted that in this situation as well, for-
mula (25), even for w(i) = 0, does not determine
a linear dependence between the columns of ma-
trix (23), since then in (25) some variables appear
which do not appear in (23). It seems, that in this
case the model parameters can be identified if the
system excitation is sufficiently rich. The system
described by the incremental model (10) with the
control algorithm (28) has similar properties.

4. THE LOW-EXCITATION PROBLEM

Excitation is necessary for parameter estimation.
If a persistently exciting signal is present, then
the estimates can be convergent. Many authors,
both theoreticians and practitioners, have raised
the problem of poor or low excitation. However, it
seems that the two cases should be distinguished.
In the first, commonly appearing case, the sim-
ulations are performed numerically, with floating-
point arithmetic and high accuracy of calculations.
In the second, rather infrequent, case the exper-
iments are performed on a real physical system,
where the quantization of the A /D converters
plays an essential role. The following discussion
is concerned mainly with the first case; however,
after appropriate interpretation it can also be re-
lated to the second one.

First it is necessary to point out a false interpre-
tation of the notion of low excitation which sim-
ply assumes a small value of the variance ¢ in
the model (4) or (10). Indeed, if the set point
w(?) = 0 then the estimation equations (13) —(16)
become independent of o if the normalised values
P(i) = Py(i)//c? and (i) = @o(i)o are substi-
tuted in them. In other words ”smallness” is a
relative notion, and in the case w(i) = 0 there is
no reference level.

When both ¢ and w(i) are equal to zero then
the system is completely ”frozen” | and no changes
occur whatever the controller parameters, and
despite nonstationarity of the plant parameters.
Simulations show that in the case w(f) = cl(¥)
and under the assumption (30), for relatively small
values of A the estimated parameters start to

drift after some period, and the system can be-
come unstable. This results in large perturba-
tions or ”bursting” in the process variables. The
rich excitation caused by bursting usually results
in improved parameter estimation, so it is self-
correcting. For given A < 1, the period after which
the estimates start to drift increases when the quo-
tient o/c decreases.

5. EXAMPLE

Consider the ARMAX model (4) described by

(1—1.6271 4+ 0.82"H)y(i) =
= 27 k(3 — 1527 u(i) + v(i) (32)

le. a; = —1.6, as = 08, d= 1, bo = 3, bl =-15
and k 1s a coefficient which will be varied at the
time of simulation.

The controller equation takes the form

k(bo+b12" (i) = w(i) 4 (a1 +azz"Hy(i). (33)

Some tests were performed on this system using
the SIMULINK ver. 1.3c package. Many experi-
ments were performed, and the results of four of
them are shown in Figs 1 — 4, respectively.

The results shown in Figs 1 and 2 concern the
case when k = 1, and the noise v(4) is N(0,0.01)
in the periods [0,90) and [260,650], while in the
period [90,260), v(i)=0. The experiments were
performed for A = 0.985. In Fig. 1 it is seen that
for w = 0 the parameter estimates already begin
drifting in the period [0,90). Then in [90,260) they
are frozen, and in [260,650] their drifts become
very large.

The results of Fig. 2, concerning the case of a
stepwise change of the set point (i.e. w = ¢l(?),
¢ = 1) are completely different. For 10 < ¢t < 350
the parameter estimates are accurate; for ¢t > 350
some 1nsignificant drifts appear, in which the esti-
mate errors are slowly increasing over time. It was
noticed that for greater ¢ the drifts appear erlier
in time and are faster, while for greater ¢ they are
later and slower, i.e. the estimate plots depend on
the quotient o/c. Notice that in this experiment
the parameter A was very close to 1. For some-
what smaller A, say A = 0.97, the initial period
of accurate estimates appearing after a stepwise
change of w is significantly shorter. It should be
stressed that for A = 1 the essential estimate drifts
were not observed over a long period of time, even
for w = 0. This can be explained by the fact that
in this case, the initial non-singular values of the
matrix P are not forgotten.

The results shown in Figs 3 and 4 concern the
cases when parameter k is linearly decreasing in



the interval [90,260) from k& = 1 to k = 0.5, while
in [0,90) & = 1 and in [260,650] £ = 0.5. For these
experiments A = 0.9; owing to this it was possible
to estimate the varying parameters kby and kb;.
In the case shown in Fig. 3 the system has zero
noise and is excited by a stepwise change of the
set point w. The estimates are accurate in the
periods of constant parameters, while in [90,260)
they have some errors.

In the case shown in Fig. 4, in the intervals [0,90)
and [260,650] the noise with N(0,0.01) addition-
ally appears. It is seen that in the intervals when
the noise appears the estimates are worse. They
are somewhat improved directly after a stepwise
change of the set point w, and then their accuracy
is rapidly decreased by the appearance of noise, up
to the next stepwise change of w. In the noise—free
period the estimates in Figs 3 and 4 are mutually
close to each other.

6. CONCLUSIONS

In many papers concerning self-tuning controllers
and adaptive control systems, the research has
been performed under the assumption of a zero set
point. (Sripada and Fischer, 1987; Niederli/nski
and Mo/sci/nski, 1992)

In the present paper it is shown, that in the case
of a constant set point and the ARMAX mod-
els with d = 1 and b, = 0 their parameters can-
not be identified in a closed-loop system with a
minimum-variance controller. In practice, these
models appear frequently. They correspond to the
discrete-time plants resulting from the discretiza-
tion of a continuous-time plant described by a
rational, proper transfer function with zero-order

hold.

It 1s also pointed out that an appropriately varying
set point can have an essential influence on 1den-
tifiability of the plant parameters. The varying
set point, however, does not frequently appear in
practice. On the other hand, the rectangular vari-
ation of the set point is frequently used for testing
the adaptive systems. Therefore, it should be re-
membered that this kind of testing can change the
system performance.

The identifiability condition can also be fulfilled
even for a zero set point in the case where a delay
exists in the continuous-time plant, or in the case
where an incremental model (10) is applied with
its corresponding controller (28).

From the simulation experiments it is seen that af-
ter a stepwise change of the set point w there exists
a period in which the parameter estimates remain
accurate, despite the appearance of noise. Later

on, the noise causes a slow drift of the estimates.
The periods of accurate values of the parameter es-
timates appearing directly after a stepwise change
of the set point from 0 to ¢ are shorter if the quo-
tient o/c is larger. Similarly, even a small decrease
of the parameter A causes a significant shortening
of this period. At the time of the appearance of
noise, parameter identification is possible only for
A very close to 1.

Finally, it should be stressed that when a closed-
loop stabilising system works well, i.e. when the
disturbances are well compensated by the control
u, giving almost constant output y, then the mea-
surement of the pair (y, u) is not sufficient for iden-
tification. In this case the additional measurement
of disturbance can improve the conditions of 1den-
tification.
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